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Abstract
Compared with existing payment systems, Bitcoin’s throughput is low. Designed
to address Bitcoin’s scalability challenge, the Lightning Network (LN) is a protocol
allowing two parties to secure bitcoin payments and escrow holdings between them.
In a lightning channel, each party commits collateral towards future payments to the
counterparty and payments are cryptographically secured updates of collaterals. The
network of channels increases transaction speed and reduces blockchain congestion.
This paper (i) identiﬁes conditions for two parties to optimally establish a channel,
(ii) ﬁnds explicit formulas for channel costs, (iii) obtains the optimal collaterals and
savings entailed, and (iv) derives the implied reduction in congestion of the blockchain.
Unidirectional channels costs grow with the square-root of payment rates, while symmetric bidirectional channels with their cubic root. Asymmetric bidirectional channels
are akin to unidirectional when payment rates are signiﬁcantly diﬀerent, otherwise to
symmetric bidirectional.
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1

Introduction

To economize on transaction costs, parties to frequent transactions often arrange to pay for
them periodically rather than immediately after each transaction. For instance, credit card
holders are billed monthly. Similar arrangements are emerging for payments in blockchainbased cryptocurrencies such as Bitcoin and Ethereum. In these arrangements the parties
deploy cryptographic tools to guarantee the payments. The guarantees are oﬀ-chain. Periodically, the parties settle their obligations on-chain. Consequently, (i) the parties economize
on transaction costs, and (ii) the system’s throughput improves thanks to the shift of interactions oﬀ-chain, thereby also reducing the time it takes until a transaction is practically
irreversible. “Second-layer solutions” is a label for protocols which cryptographically secure
payments oﬀ-chain and settle on-chain when necessary.
Examples of second layer payment are readily available: sovereign-issued money backed
by gold; commercial bank-issued money backed by deposits with the central bank; credit
card-based payments backed by banks’ payment networks; gold and silver deposit certiﬁcates
in the 17th and 18th century Bank of Amsterdam which were used to settle transactions
[FSW20]. (Due to their convenience, most of the time these certiﬁcates traded at 5% premium to the underlying metal.) In fact, the architecture of stablecoins is based on a similar
idea: The issuer maintains a fund of ﬁat currency which backs the stablecoin 1:1.
The protocol of the Bitcoin Payment System [Nak08] publishes all transactions on the
blockchain. By design, the protocol can handle at most a few transactions per second, which
is orders of magnitude lower than most credit-card payments systems, often resulting in signiﬁcant delays and transaction fees. The Lightning Network (LN) [PD15] (see also [Wir16]) is
a second layer payment solution which addresses these weaknesses. It is a cryptographically
secured protocol for escrow holdings of Bitcoin and changes in the holdings (i.e., payments).
The protocol also speciﬁes the circumstances in which the parties’ balances settle on-chain.
Channels are the basic building blocks of the LN. Functionally, a channel is a jointly
held Bitcoin account which opens with the two holders’ balances reﬂecting their initial, onchain contributions. Over time, the channel holders update the balances to reﬂect payments
between them. Balance updating leaves the sum of the balances intact. Balance updating
renders payments immediately irreversible. However, funds can be used to pay third parties
that are not on the LN only after the transactions are recorded on-chain.
In the steady-state model studied here, as soon as a balance which started positive is
exhausted, both holders record their balances on-chain, close the channel, and reopen another
one immediately.1 The initial balance of each party is the same in each reopening of the
channel. If user pairs expect payments to ﬂow only from one of them to the other but not
in reverse, then the channel is called unidirectional. If the users expect payments to ﬂow in
both directions (possibly at diﬀerent rates), the channel is called bidirectional.
Parties who use a channel for multiple transactions secure the transactions immediately
oﬀ-chain. They burden the blockchain only to open and close the channel, thereby avoiding
multiple fee payments associated with on-chain transactions. However, using the channel is
costly because it requires locking up funds inside the channel, thereby foregoing alternative
1

After a channel’s closure, one could try to save on committed capital by delay reopening until the next
transaction. However, this choice would sacriﬁce the immediacy of the next transaction, therefore it is ruled
out to ensure that all transactions are treated equally.
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Figure 1: Optimal payment network (left) and its cost (right) if Alice pays Bob at rate λ1
(horizontal axis, from 0 to 0.2), and Bob pays Alice at rate λ2 (vertical axis, from 0 to 0.2
in number of annual transactions) with round-trip transaction cost B = 1 and interest rate
r = 1%. If both payment rates are small (purple, bottom left), all transactions optimally
take place on chain, without lightning channels and the cost is proportional to the sum of
such rates. If one rate is low but the other one is high (yellow and cyan, top left and bottom
right), then the more frequent payer uses a unidirectional channel to pay the less frequent
payer, who pays on-chain instead, and the cost is less sensitive to an increase in the payment
rate on the channel. If both rates are large enough (red, top right), then all payments take
place through a bidirectional channel, and the cost is rather insensitive to an increase in the
lower payment rate.
usage. Intuitively, using a channel is a good idea when transactions are suﬃciently frequent.
The costs of LN channels and their implications for the trade-oﬀ between on-chain and
the LN payment alternative are the focus of this paper. Particular attention is given to cases
in which each of the two parties is both a payer and a payee and the traﬃc from one party
to the other oﬀsets the traﬃc in the opposite direction.
This paper’s approach may also be useful to the analyses of other second-layer solutions
for Bitcoin, for other cryptocurrencies such as Ethereum and perhaps other payment systems.
A companion paper [HGS21] discusses implications of this paper’s analysis to the topology
of the LN.

1.1

Model and Contribution

Two parties (or nodes) share a channel after they open an on-chain joint account funded by
balances (or collaterals) the parties contribute. A payment of X units from node 1 (Alice)
to node 2 (Bob) translates into a reduction of the balance of node Alice by X units, and
vice versa. For the sake of tractability, the paper’s results are obtained assuming a unit
3
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transaction size, i.e., X = 1. This convenient simpliﬁcation also oﬀers a simple heuristic
for the more general setting of random transaction sizes: if transaction sizes are IID with
arrival rate λ and mean transaction size ν – independent of arrival times – then the formulas
remain approximately valid up to replacing λ with λν. Put diﬀerently, the payment rates
λ in the paper should be thought of the product of number of transactions per unit of time
times the average transaction size.
Demand for payments from node 1 to 2 (2 to 1) arrives at Poisson-governed rate λ1 (λ2 );
The continuously compounded discount rate is r. The cost of an on-chain transaction is
B/2, regardless of the transaction size.2 The analysis focuses on the channel cost assuming
(i) the nodes choose to deposit initial balances of l1 and l2 ; (ii) the residual balances are
posted on-chain; (iii) the parties renew the process after a node depletes its balance. The
channel is unidirectional when one of the λs is zero; it is symmetric when the λs are equal.
The contribution of this paper is to:
(i) Formulate a lean model of a channel in the LN. The model is close to but diﬀerent
from the well known Baumol-Tobin [Bau52, Tob56] and Miller-Orr [MO66] models of
demand for money and cash management.
(ii) Solve for the channel cost as a function of the exogenously speciﬁed parameters and
the parties’ chosen initial balances (Theorem 3.2).
(iii) In the realistic case of small interest rates, obtain the cost minimizing initial balances
(and the costs themselves) for unidirectional and symmetric channels.3 Extend the
results for the unidirectional (respectively, bidirectional) channel to the nearly unidirectional (respectively, nearly symmetric bidirectional) case (Proposition 3.5).
(iv) Show that an asymmetric bidirectional channel is more akin to a unidirectional channel
than to a symmetric channel (Proposition 3.6).
(v) Establish necessary lower bounds for the transaction frequencies to justify the existence
of unidirectional and bidirectional channels (Theorem 3.4).
(vi) Calculate the probability that one node exhausts its balance before the other (Proposition 3.8).
(vii) Calculate the long-run ratio between the number of channel transactions and that of
on-chain transactions (Proposition 3.7).
A necessary step in the design and application of a channel is the comparison of a channel’s cost with that of transacting on-chain. Such a comparison is particularly helpful if
accompanied by the calculation of the cost-minimizing initial balances of the channel. This
paper provides all these quantities.
The analysis supports and quantiﬁes the initial intuition that a channel between two
parties cuts on transaction costs when the transaction frequency is high enough. The beneﬁt
2

[HLM17, HLM19] argue that the transaction fee depends on user type and congestion level, which may
vary with time. The present paper abstracts from these considerations for the sake of tractability and to
focus on the tradeoﬀ between transaction costs and capital opportunity costs.
3
Recall that the secular average of real short-term rates is less than 1%.
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is highest when the transaction frequency in both directions is the same or almost the
same. The beneﬁt is more modest for unidirectional channels. Moreover, channels in which
transaction frequency is not almost symmetric are akin to unidirectional channels.
Figure 1 illustrates some of the main ﬁndings: it displays the optimal (least costly) arrangement for two nodes, 1 and 2, who pay each other at rates λ1 and λ2 . Five conﬁgurations
can emerge: (i) All payments are on-chain; (ii) (respectively, and (iii)) node 1 (resp. 2) pays
on-chain whereas the other node pays through a unidirectional channel; (iv) each node pays
the other through a separate unidirectional channel; (v) both nodes use a single bidirectional
channel. (By design, both panels are symmetrical around the main diagonal.)
The left panel shows the four regions of the pairs (λ1 , λ2 ). Relatively high transaction frequencies give rise to bidirectional channels. When transaction frequencies in both directions
are low, no channel is used, as settlement occurs on-chain. When transaction frequencies
are low in one direction and high in the opposite direction, the parties use a unidirectional
channel to accommodate the latter, settling reverse transactions on-chain.
One message of this ﬁgure is that, for a channel-resetting cost equal to the size of each
transaction, a symmetric bidirectional channel is the most economical choice, even for very
modest frequencies, such as once every ﬁve years (i.e., λ = 0.2). A party that does not pay
even as sporadically should pay on-chain while receiving through a unidirectional channel.
Only two parties that do not expect to transact in several years will shun lightning channels
at all.
The right panel shows the equal-cost contours under the cost-minimizing behavior. The
contours at the bottom left correspond to the lines λ1 + λ2 = constant, reﬂecting the linearity in volume of on-chain settlement. To interpret the other contours it is easiest to follow
the uppermost contour, which is also the rightmost contour, from left to right. At the top
there is a small ﬂat portion corresponding to node 1 paying on-chain and node 2 paying
through a unidirectional channel. Moving right, there is a small and sharp drop, indicating
the transition from on-chain transactions to a hybrid of on-chain and unidirectional channel
transactions. Moving right again – and this is the interesting part – the contour is approximately upward sloping for a while. In this part payment frequency from node 1 to node
2 increases while reducing total cost, due to the beneﬁts of netting. As λ1 increases, the
frequency of on-chain transactions comes down, thereby reducing the channel’s total cost.
This eﬀect wears oﬀ as λ1 comes closer to λ2 , hence the curved downward slope near λ1 = λ2 .

1.2

Previous Work

Baumol [Bau52], Tobin [Tob56] (and, earlier but less well known, Allais [All47]) develop a
model of transactions demand for money. The celebrated Baumol-Tobin work inspires the
present paper’s analysis of the unidirectional channel. Similarly, the seminal Miller and Orr
model [MO66] of a ﬁrm’s demand for money inspires the present paper’s analysis of the
bidirectional channel. The inspiration of Baumol-Tobin and Miller-Orr notwithstanding, it
is noteworthy that in these models one must transact in cash yet cash cannot be an exclusive
store of value. In contrast, here there is always the possibility to execute transactions onchain and use it to store value, thereby avoiding the LN and its channels.
Central to this paper is the tradeoﬀ between the cost of capital and transaction fees.
Huberman et. al. [HLM17, HLM19] propose and analyze a model in which the throughput
5
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Figure 2: An example of Alice sending Bob a single bitcoin over their channel
of the Bitcoin Payment System is ﬁxed by its protocol and transaction fees emerge as the
system’s response to congestion. Congestion requires the allocation of processing priority.
This allocation is through transaction fees which are higher the more congested the system.
An extension of the present work would be to the environment considered by Huberman et.
al. [HLM17, HLM19].
A recent economic perspective of LN channels is oﬀered by [BSHZ17]. Assuming a cost
function somewhat diﬀerent from ours, they focus on symmetric bidirectional channels. The
present paper develops theoretical results in the full generality of asymmetric channels of arbitrary size and transaction rates. It is also interesting to note another second-layer solution,
similar to the LN, sketched in [NBF+ 16].

2

An overview of the LN

The Lightning Network (LN) consists of channels and inter-channel links. A channel has
two participants; a link connects two channels that have a participant in common. A channel supports a series of bitcoin balance updates, i.e., payments between the channel’s two
participants. These updates are accomplished oﬀ the blockchain.
For example, Alice and Bob can commit 3 bitcoin each to a channel. When Alice wants
to pay Bob 1 bitcoin she sends him a signed pending transaction that assigns her 2 bitcoin
and assigns Bob 4 bitcoin. Ordinarily, this transaction will not be sent to the blockchain.
Alice and Bob continue to update the balances. They will need to close and reopen
the channel when Alice (or Bob) wants to pay an amount in excess of her (or his) current
balance in the channel. As the cost of opening and closing a channel exceeds that of an
on-chain transaction, a channel’s goal is to support several transactions. A channel requires
a commitment of funds, which cannot be used for other purposes while the channel is open.
A link supports oﬀ-blockchain payments between participants who do not have a channel
in common but are linked through a sequence of channels. A link can connect any two
channels with a common participant, who may charge a fee for enabling the link. For
example, consider channels [A,B] between Alice and Bob and [B,C] between Bob and Charlie
such that each participant in each channel has a balance of three units. For Alice to send
one unit to Charlie, she reduces her balance in the [A,B] channel by one unit in favor of Bob,
who reduces his balance by a unit in the [B,C] channel in favor of Charlie.
In fact, a sequence of channel pairs can form a payment chain if each channel pair has
a participant in common. For example channels [A,B], [B,C], [C,D] can jointly support
payments between A and D. Cryptographic devices guarantee that no party can be harmed
by entering this arrangement. See [Wir16] for an overview and [PD15] for the full technical
details.
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Figure 3: An example of Alice sending Charlie a single bitcoin through Bob
In contrast with a channel, a link requires no fund commitment and can well support a
single payment. Links are built on top of channels. Jointly, they give rise to the LN which
is built on top of Bitcoin’s blockchain.
In a normal course of events, for each channel there are only two on-chain transactions,
namely, opening and closing the channel, i.e., committing and releasing funds, respectively.
In addition, and oﬀ chain, participants update the balances as the need arises.

3

The Cost of a Lightning Channel

Consider two nodes, 1 and 2, which exchange payments at diﬀerent rates: node 1 sends one
unit of currency to node 2 at rate λ1 , in that the cumulative number of payments from node
1 to node 2 by time t is described by a Poisson process Ntλ1 with rate λ1 . Likewise, the
payments from node 2 to node 1 are described by another Poisson process Ntλ2 . The two
Poisson processes are independent. To settle these two streams of payments, consider the
following payment possibilities, which can be implemented through a blockchain with a LN.
The ﬁrst and simplest option is to make all transactions on-chain, without using lightning
channels. The advantage of this choice is that it does not require the commitment of any
capital, hence its opportunity cost is zero. The disadvantage is that each payment incurs the
ﬁxed cost B/2 of an on-chain transaction. Intuitively, such an arrangement may be optimal
only if the payment rates are very low, if at all.
Second, each paying node could establish a unidirectional channel to settle each stream of
payments. This arrangement is more attractive when payment rates are suﬃciently high. In
this case, costs are lower when payments are made through a unidirectional channel, in which
payment commitments are made against the payer’s outstanding balance. When the balance
is exhausted, the payments settle and the balance is replenished on-chain. The channel size
(i.e., the amount committed by the paying node) is chosen to minimize cost. The drawback
of two unidirectional channels is that they forego any savings from oﬀsetting payments, which
can be substantial if both payment rates are large enough. As shown shortly, savings are
higher as transaction rates approach each other. Having a unidirectional channel to support
payments in one direction and making on-chain payments in the opposite direction could be
cost minimizing for highly asymmetrical payment rates.
Third, both nodes could agree to establish a bidirectional channel, with each of them
possibly committing diﬀerent amounts. This option is the most ﬂexible, in that the contributions of each node can be optimized in relation to both incoming and outgoing rates of
7
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payment, and the number of on-chain transactions is reduced by oﬀsetting payments. The
disadvantage is that such savings may not materialize if at least one of the two payment
rates is small enough.
The allocation of the costs to the two nodes is a separate issue, which this paper does
not address. For the sake of concreteness the presentation below assumes that each party
contributes its committed balance.

3.1

Exact Costs

To examine quantitatively these tradeoﬀs, it is convenient to start by considering the cost of
settling a stream of payments with rate λ simply through on-chain transactions, i.e., without any lightning channels. In addition to payment rates, the critical quantities necessary
to perform the analysis are B, the cost of resetting a channel, i.e., the cost of two on-chain
transactions, and r, the continuously compounded interest rate, which represents the opportunity cost per unit of time of using a unit of capital for another purpose (including another
channel).
Lemma 3.1 (On-chain Cost). The on-chain cost for a transaction stream with rate λ is
λB/(2r).
The next step is to evaluate the cost of unidirectional and bidirectional channels.
Theorem 3.2 (Exact Channel Costs). Let λ1 be the payment rate from node 1 to node 2
and λ2 the payment rate from node 2 to node 1, and assume that λ1 ≤ λ2 . If node 1 commits
an amount l1 to the channel and node 2 commits an amount l2 , then:
(i) A unidirectional channel costs
L0,l2 (0, λ2 ) = l2 + B

��

r + λ2
λ2

�l 2

−1

�−1

.

Its minimal cost, setting k = B log(1 + r/λ2 ), is
�
� �
���
�
�
B
1
opt
−k + k(k + 4) + 2 log
k + k(k + 4) + 2
L (0, λ) =
2k
2
� �
��
�
and is achieved for l2 = Bk log 12 k + k(k + 4) + 2 .

(1)

(2)

(ii) A bidirectional channel costs

Ll1 ,l2 (λ1 , λ2 ) = l1 + l2 − B
where
α± =

l1
l1 +l2
l1
l1 +l2
(1 − α+
) − α+
α−
(1 − α−
)
,
l1
l1 +l2
l1
l1 +l2
l1 +l2
l1 +l2
α− (1 − α+ ) − α+ (1 − α− ) + α+ − α−

λ1 + λ2 + r ±

�
(λ2 − λ1 )2 + r2 + 2r(λ2 + λ1 )
.
2λ2
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(3)

(4)

Remark 3.3. Note that the unidirectional formula (1) follows from the bidirectional formula
(3) by substituting λ1 = l1 = 0. However, it is convenient to consider it separately, in view
of its diﬀerent asymptotic properties, as explained below.
This theorem oﬀers a closed-form expression for a channel’s cost, given the nodes’ commitments l1 , l2 . The optimal values of such commitments are not available explicitly for a
bidirectional channel, hence more sophisticated arguments are required to understand the
conditions under which diﬀerent types of channels are optimal.4
The next result demonstrates that when payment rates are low enough, neither unidirectional not bidirectional channels should be used.
Theorem 3.4 (Bounds on Payment Rates).
(i) If a unidirectional channel with rate λ costs less than on-chain transactions, then λ >
2r/B.
(ii) If a bidirectional symmetric channel with rates λ costs less than on-chain transactions,
then λ > 12 r/B.
The main message of Theorem 3.4 reﬂects the intuition that both unidirectional and
bidirectional channels are optimal only when payment rates are large enough compared to
r/B. For this reason, Theorem 3.4 supports the asymptotic analysis in the limit of r near
zero, as this is the relevant regime for the channels’ existence.5
Importantly, the reference quantity r/B does not depend on the nodes considered, but is
an attribute of the environment. Thus, all unidirectional and symmetric channels that exist
in a payment network must satisfy a uniform lower bound in their payment rates λ.

3.2

Asymptotic Costs for Small Discount Rates

The next proposition obtains closed-form formulas for the minimal costs of a unidirectional
channel and a symmetric bidirectional channel. The general, asymmetric bidirectional channel does not have a closed-form solution even in this asymptotic setting.
Theorem 3.5 (Asymptotic Channel Costs). In the limit of r near zero:
(i) The minimal cost of a unidirectional channel with rate λ is
opt

L (0, λ) = 2

�

Bλ
r

and is achieved for the channel size l2 =
4

�1/2

−

� Bλ �1/2
r

B
+ O(r1/2 )
2

(5)

+ O(r1/2 ).

Note that the expression for α± is ostensibly asymmetric in λ2 , λ1 but the expression for the cost
(l1 , l2 ) is in fact symmetric, that is, invariant to swapping (λ1 , l1 ) with (λ2 , l2 ).
5
Note also that the conditions in Lemma 3.4 are necessary for optimally establishing a channel, but not
suﬃcient. Nevertheless, necessity is all that is required to infer that r needs to be small relative to payment
rates for all channels that should not be closed to reduce costs.

L

λ2 ,λ1
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(ii) The minimal cost of a symmetric bidirectional channel with equal rates λ is
opt

L (λ, λ) = 3

�

2Bλ
r

and is achieved for channel sizes l1 = l2 =

�1/3

−

B
+ O(r1/3 )
6

� 2Bλ �1/3
r

(6)

+ O(r1/3 ).

(iii) A nearly-symmetric bidirectional channel with λ2 − λ1 = O(r1/3 ) has minimal cost
opt

L (λ1 , λ2 ) =

�

1 λ 2 − λ1
3+
2 λ1

��

2Bλ1
r

�1/3

−

B
+ O(r1/3 )
6

(7)

with the minimal channel sizes
�1/3 λ −λ � 2Bλ �2/3
�
� 2Bλ �1/3 λ −λ � 2Bλ �2/3
1/3
1
2
1
1
1
1
−
+
O(r
),
l
=
+ 26λ1 1
+ O(r1/3 ). (8)
l1 = 2Bλ
2
r
6λ1
r
r
r

The main message of the above proposition is that both the minimal cost of a unidirectional channel and its required capital are of the order of r−1/2 . By contrast, for a symmetric
bidirectional channel both the minimal cost and required capitals are of the order of r−1/3 .
Note that, while in a unidirectional channel only the paying party commits collateral, a symmetric bidirectional channel requires both parties to commit collateral, but such collateral
grows more slowly as r approaches zero.
For the general case of an asymmetric bidirectional channel with signiﬁcantly diﬀerent
λ1 < λ2 , the situation is more complex. The following result is obtained under the assumption
that the balances l1 and l2 satisfy speciﬁc asymptotic properties in r, which are motivated
by numerical calculations of the optimal l1 (r), l2 (r) for smaller and smaller values of r,
which suggest that the commitment of the average payer should be l2 = O(r−1/2 ), while the
commitment of the average payee should be l1 = O(log(r−1 )).
Theorem 3.6 (Asymmetric Bidirectional Cost). If l2 = O(r−1/2 ) and l1 = O(log(r−1 )), then
the minimal cost is
�
�
�
�1/2
B(λ2 −λ1 )
λ
2
�1/2 1 + log 1 +
�
log λ1
r
B(λ2 − λ1 )
2
+
+ O(1)
(9)
r
log λλ21
and the corresponding optimal channel sizes are
�
�
�
�1/2
B(λ2 −λ1 )
λ2
log 1 +
log λ1
r
+ O(1) and
l1 =
log λλ21

l2 =

�

B(λ2 − λ1 )
r

�1/2

+ O(1).

(10)

The main message of this result is that, for r small enough, an asymmetric bidirectional
channel is more akin to a unidirectional channel than to a symmetric bidirectional channel:
both its minimal cost and the total required capital are of the order of r−1/2 , as in the
unidirectional case, rather than of order r−1/3 , as in the symmetric bidirectional case. At the
leading order, an asymmetric bidirectional channel is equivalent to a unidirectional channel
10
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with size λ2 − λ1 , thereby considering only the overall net ﬂow of transactions. Likewise,
the amount of capital l2 that the average payer (node 2) has to commit is the same as for a
unidirectional channel of size λ2 − λ1 .
Note that such approximate equivalence hinges on a rather delicate choice of the capital
committed by the average payee (node 1), which is neither of order r−1/2 or r−1/3 , but rather
of the much lower order log r−1 . Thus, while the average payer beneﬁts from the bidirectional
channel only through the netting eﬀect, the average payee is the main beneﬁciary of the
arrangement, by committing an amount that is logarithmic in the capital committed by the
average payer. For example, if one node pays the other monthly (λ1 = 12), while the other
pays weekly (λ2 = 52), with a transaction cost of B = 0.1 and a discount rate r = 1%,
the average payer commits l2 ≈ 20 to the channel, while the average payee commits only
l1 ≈ 3. Reducing the interest rate to r = 0.1%, the diﬀerence becomes even starker, with l2
exceeding 63 while l1 barely increasing to 3.8.
The asymptotic formulas in Proposition 3.5 (iii) and Proposition 3.6 oﬀer diﬀerent approximations of the optimal l1 and l2 for given λ1 , λ2 , B, r. Both approximations become
increasingly accurate as r ↓ 0, with (8) becoming superior to (10) when (λ2 − λ1 )/r1/3 is
relatively small, and vice versa when (λ2 − λ1 )/r1/3 is relatively large, which corresponds to
λ1 , λ2 ﬁxed as r ↓ 0.
The next result calculates the probability that either node exhausts the balance before
the other. This problem is trivial for unidirectional and symmetric channels, but the general
case is more delicate: in the nearly-symmetric regime the probabilities of exhaustion are
diﬀerent and nontrivial, while in the asymmetric regime the probability that the average
payee exhausts the balance before the average payer is negligible.
Proposition 3.7 (Probability of balance exhaustion). Let q = λ2 /λ1 ≥ 1.
(i) In a channel with sizes l1 , l2 and rates λ1 , λ2 , the probability that node 2 exhausts the
1−q −l1
channel before node 1 is (a) 1−q
−l1 −l2 if λ2 > λ1 > 0, (b) 1/2 if λ2 = λ1 > 0, and (c) 1
if λ2 > λ1 = 0.
(ii) Thus, under the optimal choice of l1 and l2 , such probability is identically one for a
unidirectional channel (Theorem 3.5(i)) and equals to 1/2 for a symmetric channel
(Theorem 3.5(ii)).
(iii) As r → 0 and under the optimal choice of l1 and l2 , such probability converges to
one for a bidirectional channel as in Proposition 3.6. For a nearly-symmetric
� channel
�
1

(Theorem 3.5(iii)), it converges to

1

z−z 24 log z+ 2
z−1

where z = exp

24/3 B 1/3 c
2/3
λ1

and c =

(λ2 − λ1 )/r1/3 .

Channel deployment reduces the frequency of on-chain transactions, thereby reducing
the congestion of the queue to transact on-chain. The next theorem provides an asymptotic
formula for the on-chain rate, that is, the number of average channel transactions for which
an on-chain transaction is required. Such a ratio obviously depends on the channel sizes
l1 , l2 . It also depends transaction rates λ1 , λ2 , but only through their ratio.
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Proposition 3.8 (Congestion Reduction). In a bidirectional channel with sizes l1 , l2 and
rates λ1 , λ2 , the long-term ratio between the number of channel transactions and that of
on-chain transactions equals
�� �
�
�
�
(q + 1) l2 q l1 − 1 − l1 q l2 + l1
(11)
(q − 1) (q l1 +l2 − 1)
where q = λ2 /λ1 . In particular:
(i) In a unidirectional channel (q ↓ 0) the ratio simpliﬁes to l1 .
(ii) In a symmetric bidirectional channel (q → 1) the ratio simpliﬁes to l1 l2 .
The above proposition shows that, while a unidirectional channel reduces on-chain traﬃc
in proportion to its size, for a symmetric bidirectional channel the reduction is proportional
to the product of the two sizes, hence much more signiﬁcant for a total committed amount.
In particular, when the balances committed are set optimally, (i) the reduction is higher for
those nodes from whom incoming payments exceed outgoing payments, and (ii) the reduction
is highest for symmetric channels.
As the numerical results in ﬁgure 1 show, if both payment rates are large enough, the
single bidirectional channel becomes optimal and absorbs both payment ﬂows. In particular,
it is never optimal to use two separate unidirectional channels. This conclusion, however,
does not mean that two unidirectional channels are always more costly than the corresponding bidirectional channel, and a close inspection reveals that there are cases in which they
may be cheaper. But the point is that, in such cases, it is even cheaper for one payment
ﬂow to take place on chain, thereby excluding two unidirectional channels from the optimal
conﬁgurations.

4

Discussion

This paper formulates and analyzes a parsimonious model of bitcoin transactions that can
be shifted to a bidirectional LN channel. The present analysis covers their costs, beneﬁts and
circumstances in which they are useful. A follow-up paper [HGS21] explores the implications
to the topology of the LN.
The model analyzed here takes the on-chain transaction fee B as ﬁxed and exogenous
to the model. Earlier work [HLM17, HLM19] argues that Bitcoin payment system users
pay these fees when the system is congested. When users’ delay costs vary, so will the
fees they oﬀer. The fees do not aﬀect the protocol-determined throughput of the Bitcoin
payment system but they induce the miners to assign processing priority to the transactions
associated with higher fees. [HLM17] oﬀers an equilibrium analysis of the fees and transaction
processing priorities.
The present paper shows that each channel reduces the number of on-chain transactions.
Thereby the LN as a whole reduces on-chain congestion and the fee B. Future work will
model the interaction between the level of the transaction fee, the level of congestion and
the throughput improvement due to the availability of a second layer solution such as the
LN.
12
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The more transactions are shifted from the blockchain to the LN, the more beneﬁcial
the LN. In a unidirectional channel to which l units are committed, there are l in-channel
transactions for each on-chain transaction. In a symmetric bidirectional channel to which
l units are committed (l/2 on each side), there are l2 /4 in-channel transactions for each
on-chain transaction. In general, the closer a bidirectional channel is to symmetric, the more
economically beneﬁcial it is.
Successful second layer solutions are practical, convenient, often render low transaction
size economically feasible, support higher transaction throughput than the ﬁrst layer, and
have the potential to gradually diminish the role of the underlying ﬁrst layer.
Famously, the Bitcoin payment network has low throughput and high latency. The LN
is a payment solution built on top of the Bitcoin payment network designed to address these
weaknesses. If Bitcoin becomes popular, it is likely that so will be the LN or a future version
of it. Moreover, the LN and its relation to Bitcoin serve as prototypes and proofs of concepts
for future payment systems and therefore are study-worthy.

5

Proofs

Proof of Lemma 3.1. Denote by τ1 the arrival time of the next transaction, which is an
exponential random variable with rate λ (likewise, the future arrival times are denoted by
τn for n ≥ 1). As the interarrival times
future transactions are independent of previous
�of
∞
arrival times, the expected cost µ = E[ n=1 e−rτn B/2] of the entire stream satisﬁes, in view
of the Markov property of the Poisson process,
�
�
�∞
���
�
�
�
�
�
µ = E e−rτ1 B/2 + E
= E e−rτ1 (B/2 + µ)
e−r(τn −τ1 ) B/2�τ1
n=1

and hence µ =

λ
(B/2
λ+r

+ µ) which in turn implies that µ =

λB
.
2r

Proof of Theorem 3.2. Let Xt denote the net cumulative balance at time t of node 1, from
both stream of transactions, i.e.,
Xt = Ntλ2 − Ntλ1 .
Thus, an increase in X represents money ﬂowing to node 1, a decrease money ﬂowing to
node 2. The cash balance starts at zero, and varies over time according the dynamics of the
Poisson processes. Node 1 commits l1 to the channel and node 2 commits l2 .
Denote by J(n) the expected total future cost when the balance at time t is equal to n,
with −l1 < n < l2 , and by τ the time that elapses from t until the next transaction. Because
τ = τ λ2 ∧ τ λ1 is the minimum between two independent exponential random variables τ λ2
and τ λ1 with rates λ2 and λ1 respectively, it is also an exponential variable with rate λ2 + λ1 .
When τ arrives, τ = τ λ2 with probability λ2 /(λ2 + λ1 ), in which case Xt+τ = Xt + 1.
Otherwise, τ = τ λ1 with probability λ1 /(λ2 + λ1 ), and hence Xt+τ = Xt − 1. Thus, the
expected cost J(n) satisﬁes the equation
�� τ
�
−rs
J(n) = E
e r(l1 + l2 )ds + E[e−rτ J(Xt+τ )|Xt = n],
(12)
0
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where the ﬁrst term represents the opportunity cost in the time interval [t, t + τ ] and the
second term the residual expected cost from τ onwards. Note that E [e−rτ ] = (λ2 + λ1 )/(λ2 +
λ1 + r) because τ is exponentially distributed with rate λ2 + λ1 . Thus, the ﬁrst term equals
�
�� τ
�
�
�
�
−rs
(13)
e r(l1 + l2 )ds =(l1 + l2 )E (1 − e−rτ ) = (l1 + l2 )(1 − E e−rτ )
E
0
�
�
λ2 + λ1
r
=(l1 + l2 ) 1 −
(14)
= (l1 + l2 )
r + λ2 + λ1
r + λ2 + λ1
while the last term equals
E[e−rτ J(Xt+τ )|Xt = n] =E[e−rτ J(Xt+τ )|Xt = n, τ = τ λ2 ]P (τ = τ λ2 )
−rτ

λ1

λ1

J(Xt+τ )|Xt = n, τ = τ ]P (τ = τ )
λ2
λ1
=J(n + 1)E[e−rτ ]
+ J(n − 1)E[e−rτ ]
λ2 + λ1
λ2 + λ1
λ2 + λ1
λ2
λ1
λ2 + λ1
+ J(n − 1)
=J(n + 1)
r + λ2 + λ1 λ2 + λ1
r + λ2 + λ1 λ2 + λ1
λ1
λ2
+ J(n − 1)
=J(n + 1)
r + λ2 + λ1
r + λ2 + λ1
+E[e

(15)
(16)
(17)
(18)
(19)

In short, the expected cost function satisﬁes the diﬀerence equation
J(n) = (l1 + l2 )

r
λ2
λ1
+ J(n + 1)
+ J(n − 1)
.
r + λ2 + λ1
r + λ2 + λ1
r + λ2 + λ1

(20)

Bidirectional channel. In a bidirectional channel, such diﬀerence equation is combined
with the boundary conditions
C(−l1 ) =C(0) + B
C(+l2 ) =C(0) + B,

(21)
(22)

which require that, once a liquidation point is reached, the residual expected cost equals the
expected cost B of an two on-chain transactions (one to close the channel, one to open a
new one) plus future costs starting from the reset state 0. The general solution to (20) is
n
n
J(n) = l1 + l2 + c1 α−
+ c2 α +

(23)

where α± are as in (4). Substituting the general form of J(n) into the boundary conditions,
one obtains two linear equations for c1 and c2 which yield the cost function:
� l1 +l2
� l+n
B α−
− 1 α+
� l1
� l1 +l2 � l1
� l1 +l2
J(n) = l1 + l2 − l1
l1
α− − α+
+ α+
− 1 α−
− α− − 1 α+
� l1 +l2
� l+n
B α+
− 1 α−
� � l1
� l2
� � l1
� l1 +l2
− l1
l1
− α+ − 1 α−
α + + α−
− 1 + α−
− 1 α+
14
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(24)

which in turn yields the initial cost in (3). The minimal formula follows by diﬀerentiating
the above formula with respect to l2 , solving for the value of l2 for which the derivative is
null, and replacing the resulting value in the formula itself.
Unidirectional channel. The cost of a unidirectional channel follows from a similar
argument: as only one node pays the other (suppose that only 1 is paid, whence λ1 = 0), it
follows that the other party needs not to commit capital (l1 = 0), whence
J(n) = l2

λ2
r
+ J(n + 1)
r + λ2
r + λ2

(25)

which has the general solution
�

J(n) = l2 + c

r + λ2
λ2

�n

(26)

where the constant c is determined by the boundary condition
J(l2 ) =J(0) + B.

(27)

Thus, the cost function is
J(n) = l2 + B

��

r + λ2
λ2

�l 2

−1

�−1 �

r + λ2
λ2

�n

(28)

whence the initial cost in (1).
Proof of Lemma 3.4 (i). By Theorem 3.2 (i), the cost of a unidirectional channel of size m
is
��
�−1
r �m
m+B 1+
−1
.
λ
To ascertain whether it is worth to establish such a channel, one needs to compare such cost
with the alternative of establishing no channel at all, which is λB/(2r) by Lemma 3.1. Thus,
a one-directional channel is suboptimal if and only if
�
��
�−1 λB �
r �m
inf m + B 1 +
> 0.
−1
−
m>0
λ
2r
To ﬁnd such an inﬁmum, denote by λ/r = (eκ − 1)−1 , which allows to rewrite the function
to minimize as
�
�
1
1
F (m) = B
+
+ m.
2 − 2eκ eκm − 1

It is immediate to see that such a function (i) is convex, and (ii) diverges to +∞ as m
approaches 0 or ∞. Thus, the function admits a unique minimum for m̂ ∈ (0, ∞), and such
minimum satisﬁes the ﬁrst-order condition F � (m̂) = 0, i.e.,
Bκ
+1=0
2 − 2 cosh(κm)
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which yields
m̂ =

cosh−1

� Bκ
2

κ

+1

�

and F (m̂) = B

�

�
�
�
cosh−1 Bκ
+1
1
2
�
.
+
+
κ
Bκ + Bκ(Bκ + 4) 2 − 2eκ
2

Thus, the channel is suboptimal if and only if F (m̂) > 0. To obtain a suﬃcient condition
for this property, it suﬃces to note that F (m̂) > 0 for κ ≤ log(1 + B/2). Because κ =
log(1 + r/λ), the condition k ≥ log(1 + B/2) is equivalent to λ ≤ r/(2B). As this condition
is suﬃcient for the unidirectional channel to be replaced by on-chain transactions, it follows
that a necessary condition for the channel’s optimal existence is that λ > 2r/B.
Proof of Lemma 3.4 (ii). Setting λ2 = λ1 = λ in Theorem 3.2 (ii), it follows that the cost of
a symmetric bidirectional channel is
�
�
B α l1 + α l 2
l 1 + l 2 + l1
(29)
(α − 1) (αl2 − 1)
√
r+2λ+ r(4λ+r)
where α := α+ =
> 1. Subtracting from such cost the cost of doing on-chain
2λ
transactions instead, which is λB/r, and rewriting λ/r in terms of α, the diﬀerence is
�
�
B α l1 + α l 2
αB
−
l 1 + l 2 + l1
(30)
l
2
(α − 1) (α − 1) (α − 1)2
It is easy to check that this function is strictly convex, as the trace and the determinant of
its Hessian are both positive. Thus, its minimizer must be unique. Because the function is
symmetric in l1 and l2 , the minimum must be achieved for l1 = l2 , otherwise it would not be
unique (if (l1 , l2 ) were a minimizer, then also (l2 , l1 ) would be). Thus, it suﬃces to minimize
the above function for l1 = l2 , i.e.,
2l2 +

2Bαl2
αB
−
2
(α − 1)2
(αl2 − 1)

Setting α = ek , the function reduces to
� �
� �
�
�
kl2
k
1
2
2
2Bcsch
− Bcsch
+ 8l2
4
2
2

(31)

(32)

which is convex in l2 and achieves its unique minimum at some ˆl2 for which the derivative is
zero, i.e.,
� �
1
kl2
4
2 − Bk sinh(kl2 )csch
=0
(33)
4
2

Substituting it into (32),
Such ˆl2 has an explicit but cumbersome expression.
�
� the resulting
�
function of B is always positive for k ≥ log B/2 + B/2(B/2 + 2) + 1 , which is the
same as λ ≤ r/B. As before, this result means that for λ ≤ r/B is a suﬃcient condition
for on-chain transactions to be cheaper, implying that the reverse inequality is a necessary
condition for the channel to be cheaper.
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Proof of Theorem 3.5. (i) For small values of r, the cost in (1) simpliﬁes to
�
�
Bλ
B(l2 − 1)
J(0) =
+ l2 −
+ O(r)
rl2
2l2
which is maximized by
l2 =

�

Bλ
r

�1/2

+ O(r1/2 ).

(34)

(35)

Plugging this formula into (34) in turn yields the minimal cost (5).
(ii) For a symmetric channel and a small interest rate (r ↓ 0), the values of α± in (4)
simplify to
√
�
r ± r2 + 4rλ
r
r
α± = 1 +
(36)
≈1±
+
+ O(r3/2 )
2λ
λ 2λ

and the value function becomes in turn, at order zero,
J(0) =

2Bλ B (l12 − 3l1 l2 + l22 + 1)
+
+ l1 + l2 + O(r1/2 ).
l1 l2 r
6l1 l2

(37)

The advantage of this expression is that its minimizers l1 and l2 can be found explicitly.
Indeed, the ﬁrst order conditions for l1 and l2 are respectively
B (12λ + r (−l12 + l22 + 1))
=0
6l12 l2 r
B (12λ + r (l12 − l22 + 1))
=0
1−
6l1 l22 r

1−

(38)
(39)

And the (real) solution to this system is, at the leading order,
l1 = l 2 =

�

2Bλ
r

�1/3

+ O(r1/3 )

(40)

Substituting this expression into the objective function yields the minimal cost in (6).
(iii) Up to a subsequence, assume that λ2 (r) ∼ λ1 + cr1/3 for some constant c > 0. Then
the asymptotic expansion of the value function, at the ﬁrst order in c and at the zero-order
in r, is
2Bλ1 2Bcl1 − 2Bcl2 + 6Bc l12 (B + 6l2 ) + 3l2 l1 (2l2 − B) + Bl22 + B
+
+
+ O(c2 r1/3 )
l1 l2 r
6l1 l2 r2/3
6l1 l2
(41)
Maximizing this objective with respect to l1 and l2 yields the ﬁrst-order conditions
�
�
Bc (l2 − 3) r1/3 2Bλ1
Bl2
B
B
− 2 +r − 2 − 2 +
+1 =0
(42)
3l12 l2
l1 l2
6l1
6l1 l2 6l2
�
�
B
Bl1
B
Bc (l1 + 3) r1/3 2Bλ1
−
+r
− 2 −
+1 =0
(43)
−
3l1 l22
l1 l22
6l1
6l2
6l1 l22
J(0) =
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whose solutions are, at the same order:
l1 =

(2Bλ1 )1/3
B 2/3 c
−
,
r1/3
3(2λ1 r)1/3

l2 =

(2Bλ1 )1/3
B 2/3 c
+
r1/3
3(2λ1 r)1/3

(44)

and replacing c = (λ2 − λ1 )/r1/3 in the above expressions and in (41), the formulas in (7)
follow.
Proof of Theorem 3.6. If l2 (r) = O(r−1/2 ) and l1 (r) = O(log r−1 ), then there exists ζ1 , ζ2 ∈
R and a sequence (rk )k≥1 , decreasing to zero, such that limk→∞ l1 (rk )/ log rk = ζ1 and
1/2
limk→∞ l2 (rk )/rk = ζ2 . Along such a sequence, from (3) and (4) it follows that:
1/2

lim (Ll1 (rk ),l2 (rk ) (λ1 (rk ), λ2 (rk )) − l1 (rk ) − l2 (rk ))rk

k→∞

=B

λ2 − λ 1
.
ζ2

Therefore, for such subsequence the cost equals:
�
�
λ2 − λ 1
−1/2
+ ζ 2 rk .
B
ζ2

(45)

(46)

Thus, the only value of ζ2 for which l2 (r) can be optimal must be the minimizer of this
expression. Minimizing it with respect to ζ yields the minimizer ζ̂2 = (B(λ2 − λ1 ))1/2 and
the minimum 2(B(λ2 − λ1 )/r)1/2 . In particular, such ζ̂2 is optimal for any subsequence, and
therefore limr→0 l2 (r)/r1/2 = ζ2 . Likewise, to calculate the second-order term, it suﬃces to
calculate the expansion of
L

l1 (r),l2 (r)

(λ1 (r), λ2 (r)) − l1 (r) − l2 (r)

for l2 (r) =

�

B(λ2 − λ1 )
r

�1/2

+ O(1)

(47)

and on the subsequence considered such an expansion equals
�

1 − (λ2 /λ1 )

�
−ζ1 −1

�

B(λ2 − λ1 )
r

�1/2

which entails that the second-order term of the total cost is
�1/2
�
�
�
B(λ2 − λ1 )
−ζ1 −1
+ O(1)
ζ1 log r + 1 − (λ2 /λ1 )
r
Minimizing this expression over ζ1 , one obtains the minimizer
� � ��
�
B(λ2 −λ1 )
λ2
log log λ1
+1
r
� �
+ O(1)
ζ̂1 =
log λλ21

which must hold for any subsequence, and substituting it into (49) yields (9).
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(48)

(49)

(50)

Proof of Proposition 3.7. If λ2 > λ1 = 0, then Xt is increasing, therefore the claim is trivial.
If λ2 = λ1 > 0, then the balance Xt is a martingale, and its probability of reaching l2 before
reaching −l1 is l1 /(l1 + l2 ), which is 1/2 for l1 = l2 .
If λ2 > λ1 > 0, denote by p(n) the probability that node 2 liquidates before node 1,
if the current balance is n. Thus, by deﬁnition, p(l2 ) = 1 and p(−l1 ) = 0. Because the
balance moves from n to n + 1 with probability λ2 /(λ1 + λ2 ) and to n − 1 with probability
λ1 /(λ1 + λ2 ), p(n) satisﬁes
p(n) =

λ1
λ2
p(n − 1) +
p(n + 1)
λ1 + λ2
λ1 + λ2

(51)

and the general solution of this diﬀerence equation is p(n) = a + bq −n , where q = λ2 /λ1 . The
constants a and b are identiﬁed by the conditions p(l2 ) = 1, p(−l1 ) = 0, whence
p(n) =

1 − q −n−l1
1 − q −l1 −l2

(52)

which reduces to the claim for n = 0.
As r → 0, note that in the setting of Proposition 3.6 both λ1 , λ2 remain ﬁxed, while
l1 (r), l2 (r) diverge to inﬁnity, therefore p(0) converges to 1. Vice versa, in the nearly symmetric case (Theorem 3.5(iii)), λ1 (r), λ2 (r) converge to 1, while l1 (r), l2 (r) diverge to inﬁnity,
and the corresponding probability result follows by taking the limit of the resulting expression as r → 0.
Proof of Proposition 3.8. Let m(n) be the fraction of transactions that the balance X spends
in state −l1 ≤ n ≤ l2 . Consider ﬁrst n positive: for 0 < n < l2 , m(n) satisﬁes
m(n) =

λ1
λ2
m(n − 1) +
m(n + 1)
λ1 + λ2
λ1 + λ2

(53)

because state n can only be reached from either n − 1 through an up-move, which has probability λ2 /(λ1 + λ2 ), or from n + 1 through a down-move, which has probability λ1 /(λ1 + λ2 ).
By construction, once the state l2 is reached, the state is immediately reset to 0, it follows
that m(l2 ) = 0, and hence
m(n) = m(0)

q l2 − q n
q l2 − 1

0 ≤ n ≤ l2 .

(54)

Likewise, note that (53) is also valid for −l1 < n < 0 and that m(−l1 ) = 0 by construction,
whence
q l1 +n − 1
− l1 ≤ n ≤ 0.
m(n) = m(0) l1
(55)
q −1
�2
m(n) = 1, which yields a linear equation for m(0), whose
To ﬁnd m(0), recall that ln=−l
1
solution is
� l
��
�
q 1 − 1 q l2 − 1
m(0) =
.
(56)
(l2 (q l1 − 1) − l1 ) q l2 + l1
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Finally, note that the channel transactions that lead to an on-chain transaction are the upmoves from m(l2 − 1) and the down-moves from m(−l1 + 1). Thus, the fraction of such
transactions is
λ2
λ1
+ m(−l1 + 1)
(57)
m(l2 − 1)
λ1 + λ2
λ1 + λ2
and its value is obtained from (54), (55), and (56). The reciprocal of such value is precisely
the long-term average of number of channel transactions per on-chain transaction in (11).
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